Hamilton-Jacobi Diffieties 

L. VlTAGLIANO* 

DipMat, Universita degli Studi di Salerno, and 
Istituto Nazionale di Fisica Nucleare, GC Salerno 
Via Ponte don Melillo, 84084 Fisciano (SA), Italy 

Istituto Tullio Levi-Civita 
via Colacurcio 54, 83050 Santo Stefano del Sole (AV), Italy 

January 18, 2013 



Abstract 

Diffieties formalize geometrically the concept of differential equations. We 
introduce and study Hamilton-Jacobi diffieties. They are finite dimensional sub- 
diffieties of a given diffiety and appear to play a special role in the field theoretic 
version of the geometric Hamilton-Jacobi theory. 
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Introduction 



Diffieties [TJ |2] are geometric objects formalizing, in a coordinate free manner, the con- 
cept of (systems of) differential equations (much as varieties formalize, in a coordinate 
free manner, the concept of algebraic equations). Roughly speaking, a diffiety is a man- 
ifold S, of countable dimension, endowed with an involutive distribution H of finite 
dimension. Let {§, e & > ) be a diffiety representing a certain system of PDEs Sq. Then, 
(locally) maximal integral submanifolds of (<f, ^) represent (local) solutions of <8q. No- 
tice that the Frobenius theorem fails for generic infinite dimensional diffieties. In fact, 
a PDE needs not to possess solutions with given (admissible) jet or may possess many 
solutions with the same (admissible) jet. A particularly simple class of PDEs is made 
of compatible PDEs of the form 

= /,(*,„). a) 

They are represented by a particularly simple class of diffieties, namely, finite dimen- 
sional ones. For such diffieties the Frobenius theorem holds and, in fact, integrable 
PDEs of the form ([1]) possess exactly one (germ of a) solution for any (admissible) jet. 
Given any PDE Sq, one can search for another compatible PDE W of the simple form 
([T]) that implies Sq. One may then obtain some solutions of Sq by integrating such a <3f . 
Geometrically, one can search for finite dimensional subdiffieties of the diffiety (<f , ff) 
representing Sq. In this paper we name as Hamilton- Jacobi diffieties such subdiffieties 
and study their main properties. The choice of this specific name is motivated by the 
following example. 

Consider a system of ordinary (not necessarily autonomous) Euler-Lagrange equations 

dL d dL 

d?-Jtd^ = ^ » = 1 '""»- ( 2 ) 
Suppose, for simplicity, that the Legendre transform 

dL. 

Pi = -QTi{t,X,X) 

is invert ible and let 

x l = v l (t, x,p) 

be its inverse. Equation (jSJ) is represented by a suitable diffiety $el- Let 

fr* = X t (t,x) (3) 

be a 1st order equation. It is of the form (JTJ and, since it has just one independent 
variable, it is automatically compatible. Therefore, it is represented by a finite dimen- 
sional diffiety . Moreover, & C ^el, i-e., solutions of Eq. fl3]) are solutions of Eq. 
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0, iff 



Notice that if S = S(t, x) is a solution of the standard Hamilton- Jacobi (HJ) equation 
dS dL 

— + H(t, x, dS/dx) = f(t), H = v' — it, x, v) - L(t, x, v), (5) 

then 

X* = v%x,dS/dx) 

is a solution of Eq. OU). On the other hand, let X 1 = X l (t, x) be a solution of Eq. (J?}. 
Put 

T 4 =§(t,*,*). 

If 

dTj _dTi _ 

then Tj = dS/dx 1 for a solution S = S(t,x) of the standard HJ Eq. (jSJ). We conclude 
that the standard H J equation is basically equivalent to Eq. (JI]) plus Eq. (jSJ). Therefore, 
we name Eq. (jlj) the generalized HJ equation (see below; see also [31 H]). According to 
the above definition, its solutions correspond to HJ subdiffieties of $el- This motivates 
the choice of the name for these specific diffieties. 

Similarly, under suitable integrability conditions, solutions of the field theoretic H J Eq. 
[5] may be interpreted as finite dimensional subdiffieties of the diffiety of field equations. 
Hence, both the ordinary and the field theoretic HJ theories fit well within the theory 
of HJ diffieties. In fact, we show below that the geometric HJ theory presented in 
[31 H] (see also [B] for the nonholonomic case) and generalized to the case of regular field 
theories in [7], can be naturally generalized to the case of singular (i.e., gauge), higher 
derivative, field theories. In this generalization, HJ diffieties play a central role. 

The paper is divided into seven sections. In Section [1] we review the basic differential 
geometric constructions used throughout the paper, and collect notation and conven- 
tions. In Section [2] we recall the concept of diffiety and briefly review the geometric 
theory of PDEs and its application to the calculus of variations. In Section [3] we intro- 
duce the concept of HJ diffieties and elementary HJ diffieties, and study their relation. 
In Section H] we illustrate the general theory by presenting some simple examples of 
(elementary) HJ subdiffieties of noteworthy diffieties. In Section [5] we review the geo- 
metric formulation of higher derivative, Lagrangian and Hamiltonian field theories as 
defined in [Sj . In Section El we propose a field theoretic version of the geometric H J 
theory of [31 H] and show that it is naturally linked to the theory of (elementary) HJ 
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subdiffieties of the field equations. In Section [7] we present one final example of (ele- 
mentary) HJ subdifheties of an Euler-Lagrange equation. The review Sections (TJ [2] and 
[5] are included to make the paper as self-consistent as possible. 



1 Differential Geometric Background 

In this section we collect notation, conventions, and the main geometric constructions 
needed in the paper. 

Let N be a smooth manifold. If L C iV is a submanifold, we denote the inclusion by 
ii : L ■=->■ iV '. We denote by C°°(N) the M-algebra of smooth, R- valued functions on 
N. We will always understand a vector field X on N as a derivation X : C°°(N) — > 
C°°(N). We denote by D(N) the C 00 (AO-module of vector fields over N, by A(M) = 
fc A k (N) the graded IR-algebra of differential forms over iV and by d : A(N) — > A(N) 
the de Rham differential. If F : Ni — > N is a smooth map of manifolds, we denote by 
F* : A (AO — > A(N 1 ) the pull-back via F. 

Let a : A — > N be an affine bundle (for instance, a vector bundle) and F : Ni — > N 
a smooth map of manifolds. Let &/ be the affine space of smooth sections of a. The 
affine bundle on N\ induced by a via F will be denoted by F°(a) : F°(A) — > N: 



F°{A) 



and the space of its section by F°(=0 / ). For any section a of a there exists a unique 
section of F°(a), which we denote by F°(a), such that the diagram 



F°(A) 

F°(a) 



A 



-> N 



commutes. If F : N x — > N is the embedding of a submanifold, we also write • \f for 

We will often understand the sum over repeated upper-lower indices and multi-indices. 
Our notation as regards multi-indices is as follows. We will use the capital letters J, J, K 
for multi-indices. Let n be a positive integer. A multi-index of length A; is a fctuple 
of indices / = (zi, . . . ,ik), h,---,ik < n - We identify multi-indices differing only by 
the order of the entries. If J is a multi-index of length k, we put |/| := k. Let 
/ = (ii, . . . ,i k ) and J = (ji, . . . ,jh) be multi-indices, and i be an index. We denote 
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by I J (resp. 1%) the multi-index (z'i, . . . , ik,ji, ■ ■ ■ ,jh) (resp. (z'i, . . . ,ik, i))- We write 
q\i\ jQ x l f or Q/g x n o • • • o d/dx %k . 

Let £ : P — > M be a fiber bundle. For < oo, we denote by £ fc : J fc £ — >■ M the 
bundle of fc-jets of local sections of £. For any (local) section s : M — > P of 7r, we 
denote by j^s : M — >■ J fc £ its kth jet prolongation. Let . . . ,x\ . . . be coordinates on 
M and . . . , x\ . . . , y a , . . . bundle coordinates on E. We denote by . . . , x\ ...,?/",.. . the 
associated jet coordinates on J fc £, |/| < k. For < h < k < oo, we denote by £k,h '■ 
J fc £ — > J h C, the canonical projection. We will always understand the monomorphisms 
7T* ft : A(J h O — ► A(J fc O- F o r all fc > 0, £ fc+ i, fc : J fe+1 £ — > J fc £ is an affine subbundle 
of (7Tfc)i i0 : J Xr Kh — ► J klT an d the inclusion z : J h+1 n C J 1 ^ is locally defined by 
i*K)i = <, |/| < fc. 

Let £ be as above. We denote by Ai(P,£) = fc A£(P,£) C A(P) the differen- 
tial (graded) ideal in A(P) made of differential forms on P vanishing when pulled- 
back to fibers of £, by A 9 (P, £) = ©^A^(P, £) its qth exterior power, q > 0, and 
by VA(P,0 = fc VA fe (P,O the quotient differential algebra A(P)/Ai(P,f), d y : 
VA(P, £) — )• VA(P, £) being its (quotient) differential. By abusing the notation, we also 
denote by d v the (quotient) differential in A q (P, £)/A g+ i(P, £) ~ VA.(P,£) <g> A*(P,f). 
We denote by — )■ P the reduced multimomentum bundle of £ (see, for instance, 
[9|). It is the vector bundle over P whose module of sections is VA : (P, £) eg) A"l}(P, £). 
Equivalently, it may be defined as the bundle of affine morphisms from J 1 ^ to A n T*M. 

A connection V in £ is a section of the first jet bundle £1,0 : J 1 ^ — > P. We will 
also interpret V as an element in A X (P) <g> VD(P,£), where VD(P, £) is the module 
of ^-vertical vector fields on P. Put . . . , V" := V*(yf), • • ., where . . . ,yf, . . . are jet 
coordinates in J 1 ^. Then, locally 

d 

V = (d^- v?dz*)<g>— . 

Recall that a (local) section a : M — > P is V-constant for a connection V iff, by 
definition, Voa = j\o. A connection V in P determines splittings of the exact sequence 

— ► VD(P, — > D(P) — > e(D(M)) — > 0, (7) 

and its dual 

<_ VA^PO A X (P) <— A}(P,0 <— 0. (8) 

Thus, using V one can lift a vector field X on M to a vector field X v on P transversal 
to fibers of £. Moreover, V determines an isomorphism 

A(P)~0FAP(P,O®A^(P,O, 
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and, in particular, for any p, q, a projection 

t»«(V) : A p+q (P) — ► VA p (P,0 ® A*(P,£), 

and an embedding 

e p ' 9 (V) : VA P (P,£) ® A«(P,0 — > A p+q (P) 

taking its values in A P+9 (P, £). Notice that the "insertions" i p ' 9 (V) are actually point- 
wise and, therefore, can be restricted to maps. Namely, if F : Pi — > P is a smooth 
map, and A a section of the pull-back P°(£ lj0 ) : F°(J 1 ^) — > P 1; then the element 

t™(A)F» 6 P°(yA p (P,0 ®aA«(P,0) 

is well-defined for every u; G A p+q (P). 

Every connection V defines a vector- valued differential 2-form P v G A|(P, £) ® 
VD(P, £), called the curvature, via 

P V (X, Y) : = [X v , F v ] - [X, F] v , X, F G D(M) 

Locally, 

P v = i^cfc* A dx J <g> P£ = |(AV, a - D,-V?) o V. 

where P» := d/dx l + y?d/dy a , i = 1, . . . , n. A connection V is flat iff, by definition, 
P v = 0. If V is a flat connection in £, then P is locally foliated by (local) V-constant 
sections of £. 

Example 1 Let £ : P — > M 6e as above and a : M — > P a (local) section o/£. P 
zs sometimes useful to understand j±a : M — > J x £ as a section of the pull-back bundle 
£i,oU : <^ 1 ^|o- — > M. For instance, if uj G A"lj;(P, £) is a PP Hamiltonian system in £ 
in t/ie sense o/ JT77| /. t/ie PD Hamilton equations for a read 

i^O'i^M* = 0. 

Let V be a connection in £. If V is flat, the de Rham complex of P, (A(P), d), splits 
into a bicomplex 

(FA(P,0®A:(P,£),d v ,A (9) 

where 

d v (u ® a) := (i M+1 (V) o d o e M (V))(a; ® a), 

w G VA P (P,£) and cr G A«(P,f), p, g > 0. For every fixed p, the complex (VA P (P,£) ® 
A*(P, £),dy) is locally acyclic in positive degree. 
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2 Geometry of PDEs and Calculus of Variations 

In this section we recall basic facts about the geometric theory of partial differential 
equations (PDEs). For more details see 

Let 7r : E — > M be a fiber bundle, dimM = n, dimE = n + m and . . . , u a , . . . 
fiber coordinates in E. Recall that, for all k < oo, J k ir is endowed with the Cartan 
distribution 

tfk : J k n 3 9 i— ► %(9) C T e J k n, 

where ^iff) is defined as follows. Suppose that 6 = (j k s)(x) for some x G M and s 
a local section of 7r around x. The image of d x j k s : T X M — > Tq^-r is said to be an 
R-plane at 9. Put 

^fe(^) := span{i?-planes at 0}. 
Now, let k < oo. ^ is locally spanned by vector fields 

A + v u a — — u\-k 

Local infinitesimal symmetries of ^ are called Lze fields. Every Lie field Z G D(J k Tr) 
can be uniquely lifted to a Lie field Z r G D(J k+r 7t). Moreover, according to the Lie- 
Backlund Theorem, every Lie field Z G D(J k ir) is the lift of 

1. a vector field Y G -D(-E) if m > 1, 

2. a Lie field Y' G D( JV) if m = 1. 

If Y G £>(£) is locally given by Y = X i d/dx i + Y a d/du a , then the Lie field Y r G 
D(J r 7r) is locally given by 

^=^'(^+E |I|<r <4) + S |;|< ,^(^-<^)4 do) 

where Dj 1 ...j s := o •• ■ oD 3s) and Dj := d/dx^ +ufjd/duf is the jth total derivative, 
■ --,3s = l,...,n. 

Remark 1 T/ie /oca/ expression [Id]) shows, in particular, that, for any £ G TgJ r 7T, 
there exists Y G D(E) such that £ = (V r V 

A fcth-order (system of PDE(s) on sections of tt is an ^-co dimensional closed sub- 
manifold Sq C J k n. For < r < oo one can define the rth prolongation of E as 

$r '■= {jk+r(s)(x) G J k+r ir : imjfc(s) is tangent to <^ 
at ji c (s)(x) up to the order r, x G M} C J k+r ir. 
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If S is locally given by 



.) = 0, a = l,...,£, |I|<fc, 

then is locally given by 

(Dj^)(...,x l ,...,uf,...) = 0, \J\<r, (11) 
In the following we will always assume that 

1. S r — > M is a smooth (closed) subbundle of 7ik+ r , r < oo, 

2. the (possibly non-surjective) maps 7ik+ r +i,k+r '■ S r+ i — > S r , r < oo, have constant 
rank. 

A local section s of tt is a (local) solution of So iff, by definition, im j}~s C So or, which 
is the same, imjk+ r s C S r for some r < oo. Lie fields in D(J k ii) preserving <f are called 
Lie symmetries of <£q- The flow of a Lie symmetry maps (images of kth prolongations 
of) solutions to (images of kth prolongations of) solutions. 

The Cartan distribution ^ := C TJ°°tt is locally spanned by total derivatives, 
Di, i = 1, . . . , n, and restricts to any submanifold $ C J°°7r of the form $ = S for 
some PDE Sq. Denote again by ^ the restricted distribution. It is a flat connection in 
<% — y M sometimes called the Cartan connection, ^-constant sections are of the form 
jooS, with s a (local) solution of Sq and vice versa. Therefore, we can identify the space 
of ^-constant sections and the space of solutions of $$. The pair (S,^) is called a(n 
elementary) diffiety [U [2] and contains all the relevant information about the original 
PDE So. We will often identify and S . 

Remark 2 A diffiety (S, < ^ 7 ) can be generically embedded in many ways in an infinite jet 
space. Informally speaking, any such embedding corresponds to a choice of dependent 
variables in the original equation. Properties of a diffiety that do not depend on its 
embedding in an infinite jet space are referred to as intrinsic. 

In the following we will indicate tf p A p := VA P ( J°°ir, vr^) and A q := A|( J°°7r, tt^). 
We also put ff'A := ^ V C € V A V and A := Q) q A q . The Cartan connection endows the 
de Rham complex (A(J°°7r), d) of J°°7r with a bicomplex structure i^€*A ® A,d, d v ), 
where d := d%>, called the variational bicomplex. The variational bicomplex allows a 
cohomo logical formulation of the calculus of variations [TTirr2"| [T3] (see below). Similarly, 
the de Rham complex (A(S),d) of a diffiety S is naturally endowed with a bicomplex 
structure denoted by {^'A{S) g> A(S), d, d v ). 
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In the following we will understand the isomorphism A(J°°7r) ~ c €* A g A. The 
complex 

^C 00 ^ 00 )^-^!^-^ ^A?^-^A-?+i^U--- 

is called the horizontal de Rham complex. An element Jzf G A n is naturally interpreted 
as a Lagrangian density and its cohomology class [Jzf] G H n (A, d) as an action functional 
on sections of 7r. The associated Euler-Lagrange equations can then be obtained as 
follows. 
Consider the complex 

> ffA 1 — ^ <*f A 1 g A 1 — ► ^A 1 g A 9 — • • • , (12) 

and the J°°7r)-submodule x^ C ^A 1 g A n generated by elements in ^A 1 g> A n fl 
A ra+1 (J 1 7r). >r is locally spanned by elements d v u a g d n £, d n x := fix 1 A ■ ■ ■ A aV\ 

Theorem 1 Wty Complex [Wi) is acyclic in the qth term, for q ^ n. Moreover, for any 
u G c tah}®A n there exists a unique element E^ G x^ C ^A^gA 9 such that E^ — u = dd 
for some *& G ^A 1 g A n_1 and t/ie correspondence H n ( c ta'A 1 £g> A, d) 9 [a;] i — -E^ G x^ zs 
a vector space isomorphism. In particular, for u = d Y ££ , Jzf G A n frezng a Lagrangian 
density locally given by Jzf = Ld n x, L a local function on C 00 ^ 00 ^), E(Ji?) := E^ is 
locally given by E(Jf) = 5L/Su a d v u a g d n x where 

are the Euler-Lagrange derivatives of L. 

In view of the above theorem, E(Jzf) does not depend on the choice of Jzf in a 
cohomology class [Jzf] G if "(A, d) and it is naturally interpreted as the left hand side of 
the Euler-Lagrange (EL) equations determined by Jzf. Any $ G 'if A 1 g A™ -1 such that 

E{&) - d v Sf = M (13) 

will be called a Legendre form [13] . Eq. ffTBl may be interpreted as the first variation 
formula for the Lagrangian density Jzf. A local Legendre form is given by 

tfloc = R |J| ( I j) D J]^f dVu ° ® 

where ( j) is the multinomial coefficient, and d n ~ l Xi := io^x. 
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Remark 3 Notice that, if d G ffA ®A n is a Legendre form for a Lagrangian density 
if 6 A", then d + d v g is a Legendre form for the cohomologous Lagrangian density 
Jzf + do, q G A n_1 . Moreover, any two Legendre forms for the same Lagrangian 
density differ by a d-closed, and, therefore, d-exact form, i.e., i? — = dX, for some 
A G ^A 1 ® A"~ 2 . Finally, for Jzf G A(J fc+1 7r) one can always find a Legendre form $ 
containing vertical derivatives of functions in C°°(J it) only. 

Remark 4 Complex |72j) restricts to any diffiety <% in the sense that there is a (unique) 
complex 

^A^^^A 1 ®^^ y^A 1 ®~A q \g • • ■ , (14) 

such that the restriction map ffA 1 £g> A — > ^A 1 £g> A|^ is a morphism of complexes. 
Moreover, complex [Lfy is acyclic in the qth term and the correspondence defined by 
H n {^A l <g> ~K n \s,'d\s) 3 [uj\g\ i — > E w \g G u G ^A 1 <g> A", is a vector space 

isomorphism. 

3 Hamilton-Jacobi Diffieties 

In the following we simply write J fc for J k ir, k < oo. 

Definition 1 Let $ be a diffiety. A finite dimensional diffiety & will be called an 
Hamilton-Jacobi (HJ) diffiety. If<3f C S, then & will be called an HJ subdiffiety of $ . 

Motivations for this definition can be found in the introduction and in Section 
(see also Example [2]). From an intrinsic point of view an HJ diffiety is nothing but a 
(finite dimensional) manifold with an involutive distribution, or, which is the same, a 
foliation. As recalled in the introduction, the equation for the leaves of the foliation is 
a compatible equation of the form ([!]). 

A diffiety <S is often presented together with an embedding S C J°°. In this case, it is 
useful to restrict the attention to a special class of HJ subdiffieties of $ that we define 
below. 

A connection V : J k — > J 1 ^^ in '■ J k — ► M will be said to be holonomic if it 
takes its values in J h+1 C J 1 ^. V is holonomic iff locally 

(V?), = u% if \I\ < k 

(V?), = (VSQj, if |/| = \J\ = k and Ii = Jj ' 

Let V be an holonomic connection in 7Tfc. For \I\ = k, put V% := (V")j. Since V is 
holonomic, the Vjj's are well-defined. Moreover, local V-constant sections are of the 
form jkS : M — > J k , for some local section s of 7r. Notice that V is flat iff, locally, 

[V.V.HO, (15) 
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where 



_d_ 

dx i 







IJI=* 



7i 



g 



Eq. (I15p can be rewritten as 

V 4 VJ 7 - = V(AV& - r>,-v&) = o 

For / G C°°(J fc ) and J = ^ • • -i s , put 



(16) 



Definition (jlfip is a good one since V is flat. In particular Viu a = uj, for |/| < k. 

Now, let V be a flat holonomic connection in tt^. Then for any 9 G J k there is a 
locally unique (local section) sg of tt such that 1) 9 = [sg]^, x = 7Tk(9) and 2) j^s is a 
V-constant section of 7Tfc. Define a map V[ r ] : J k — > J k+r , < r < oo, by putting 

V W (0) := * = 7r fe (£). 

Proposition 2 V[ r ] zs a smooth (closed) embedding locally given by 

Vf r] «) = V,u a , |/|<fc + r. 

Proof. V[ r ] is clearly a section of the projection 7r fc+rfc . Now, suppose that Vfi(itj) = 
Vju a for some | J| > fc, | J| < + r, and let 9 E J k . Put a; = 7r fc (6 l ).Then 



vf r] («?,)(0) = 

dx J dx l 



d \J\ 



sg 



dx J 



V[r](Uj) O j\j\Sg 



_d_ 

dx i 
_d_ 

dx i 

(DiVju a o j\j\ +1 s e )(x) 
(DiVju a o j k+1 s e )(x) 
(AV;/oV)(0) 

V*{D t Vju a ){9) 
{V.nu a ){9). 



By induction on |J| the proposition follows. 
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Corollary 3 The vector fields Vj and Di e D(J°°7r) are V^-related, i.e., oDi — 
VioVL,. 



Proof. Compute 
and 



(Vf oo] oA)K) = vf oo] K) 
= v,(v /M Q ) 

= (V i oVf x>] )(«?). 

■ 

One can interpret ^ v := im V as a PDE on sections of ir. Then V-constant sections 
are the /th jets of solutions of <3f v . 

Corollary 4 ^ v = im V[ r ] for all r < oo. 

Proof. ^ v is locally given by 

Ff = 0, |/| < k, 
where Ff := uf — V iu a . Therefore, is locally given by 

DjFf = 0, \J\<r, 

Now, 

DjFf = Dju« - DjV lU a 

= < J -( J D J oVf r] )K) 

= <j-(vf r] ov J )K). 

But uf = V/M a on ^ v . We conclude that ^ v is locally given by 

Ffj = 0, |/| < k, \J\<r. 



Notice that imV^j = is an HJ subdiffiety of J°°. In particular, ^, v is foliated 
by the graphs of the (k + r)th jets of V-constant sections. 

Remark 5 V[oo] : (J fc , V) — > (£2^,^) is an isomorphism of bundles (over M) with 
(fiat) connections. 
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Now, let S C J°° be the infinite prolongation of a fcth-order differential equation 
Sq C J k determined by a differential operator F : J h — > V, V — > M being a vector 
bundle, i.e., F is a morphism of the bundles iik and V — > M and 

S = {6 e J k : F{9) = 0}. 

Proposition 5 Let V be a flat, holonomic connection in tt s , s < k. Then C S iff 

FoV [fc _ a _ 1] = (17) 

Proof. The if implication is obvious. To prove the only if implication, notice that if 
C S, then all V-constant sections are sth jets of solutions of S. Since is 
foliated by the graphs of fc-jets of V-constant sections, the assertion follows. ■ 
If So is locally given by 

F a (.. ..,<,...) =0, \I\<k, 

then ( I17p is locally given by 

F a (...,x\...,Vju a ,...) = 0, \I\<k, (18) 

which is a system of (k — s — l)th-order differential equation for the Vjj's \ J\ = s. 

Definition 2 Let V be a flat, holonomic connection in a jet bundle and let S C J°° 
be a diffiety. The HJ difflety IV^ will be called an elementary Hamilton- Jacobi (HJ) 
diffiety. If C S , then 'S^ will be called an elementary HJ subdiffiety of S. Eq. 
(fi7| ) for V will be called the (sth, generalized^) HJ equation of S, s = 0, 1, . . . , k — 1. 

Example 2 Let it : R x W 1 3 (t,x) i — )■ i 6 1 fe f/ie trivial bundle. Consider the 
Euler-Lagrange equations in J 2 rr. Let 

V = (dx l - X l dt) <g> 

v ' dx l 

be a connection in it, X 1 = X l (t, x). Since n is a bundle over a 1- dimensional manifold, 
V is automatically flat. Eq. is then the 0th generalized HJ equation of Eq. (dj). 
This motivates the choice of name for Eq. [T7\ ). 

Remark 6 Notice that the definition of elementary HJ subdiffiety is not intrinsic (see 
Remark^) to a given diffiety S, and it actually depends on the embedding S C J°° . 
Namely, it is easily seen by dimensional arguments that changing the embedding S C 
J°° could result in the transformation of an elementary HJ subdiffiety into a new HJ 
subdiffiety which does not correspond to any holonomic connection. This is why, urged 
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by an anonymous referee, we gave definition^ as the more fundamental one. However, 
we will mainly consider the case when $ emerges from a Lagrangian field theory as the 
diffiety corresponding to the (Euler-Lagrange) field equations. In this case $ comes with 
a canonical embedding <S C J°° = J°°7r ; where sections of n are field configurations, 
and the use of elementary HJ diffieties is very natural (see Sections^ and\^ for details). 

In the remaining part of this section we briefly discuss the relation between general 
HJ diffieties and elementary ones. 

Proposition 6 Let 6 C J°° be an HJ diffiety. Then, locally, there exists k such that 
& C for some flat holonomic connection V in TTfc. 

Proof. Let & C J°° be an HJ diffiety. & = for some differential equation O C J k+1 . 
Since & is finite dimensional, k can be chosen such that dim O = dim 0\ = ■ ■ ■ = dim G . 
In particular, for any 9 G O, ^(0) H TgO contains just one i?-plane 6. Therefore, 
O is TTfc+i^-horizontal (otherwise its tangent space would contain some vrfc+i^-vertical 
tangent vector and one could find more .R-planes in ^(0) D T e O). Put A" := it k+1 t k(0). 
Locally AT is a submanifold in J k such that dim A" = dimO. If dimA^ = dim J k , then 
O is already the image of a local, flat, holonomic connection in n^. Thus assume that 
dimAf < dimO. Suppose that 6 e O and 6' = 7t~k+i,k(0) G N. In view of remark [H 
there exists at least one Lie field X e D(J h ) such that Xqi is transverse to N . Thus X is 
transverse to A^ locally around 9'. Points in O may be understood as i?-planes at points 
of A^ [TT]. They form an n-dimensional, involutive distribution on N. Transporting both 
A^ and the distribution on it along the flow of X, we may produce a new submanifold 
N' C J k with an involutive distribution on it made of i?-planes. It corresponds to a 
TTfe+i^-horizontal submanifold O' in J k+1 locally containing O (in fact O' is obtained by 
transporting O along the flow of X\ G D(J k+l )). If dim N' = dim J k , then O' is already 
the image of a local, flat, holonomic connection in tt^. Otherwise we may iterate the 
procedure. In the end we will produce the connection that we are searching for. ■ 

Remark 7 Let $ C J°° be the infinite prolongation of a kth-order differential equation 
Sq C J k and let 6 C $ be a finite dimensional subdiffiety. Let 6 be the infinite 
prolongation of a submanifold O C J s , s < k, with dimO = dimOi = • • • = dim<^. 
Clearly Ok- s C <8q. Suppose that r < k — s, i is the codimension of O r in J s+r , and 
9 G O r . If Sq possesses i Lie symmetries transverse to O r at 9, then G can be locally 
extended to for some flat holonomic connection V in 7r r _i ; such that 6^ C S. This 
can be easily proved along the same lines as in the proof of the previous proposition. 

4 Examples of HJ Diffieties 

Example 3 Consider the Burgers equation 

u t = u xx + uu x . 
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It may be understood as a submanifold in J 2 tt with tt the trivial bundle it : M 3 3 
(t,x,u) i — > (t,x) G R. Let 

d 

V = (du- Adt - Bdx) <g> — 

ou 

be a connection in n, A = A(t, x, u), B = B(t, x,u). V is flat iff' 

B t -A x + AB U - BA U = 0. (19) 

The 0th generalized HJ equation reads 

A = B x - BB U - uB. (20) 

Substituting into ( figj) we find 

B t - B xx - 2BB UX - B 2 B UU - uB x - B 2 = 0. (21) 

Search for solutions of l[21\) in the form B = a(x, t)u. We must have 

a x = —a 2 
a t = 

and, therefore a = l/{x — Xq), Xq being an integration constant. Thus B = u / (x — Xq) 
and A = u 2 jix — xq)- V -constant sections are the solutions of the (compatible) system 

u t = u 2 /(x - x ) 
u x = u/(x - x ) ' 

i.e., 

X — Xq 



u ■ 

t-t 

(to being a new integration constant), which are indeed solutions of the Burgers equation. 
Example 4 In the same bundle as in the previous example, consider the heat equation 

Let V be as above. The 0th generalized HJ equation reads 

A = B X + BB U . (22) 

Substituting |Hj) into ( fiPj) we find 

Bt — B xx — 2BB UX — B 2 B UU = 0. (23) 
15 



Search for solutions of ( f^Tj) in the form B = a(x,t)u. We must have 



One solution is a = -c 
2 

(f) = —x/t. Then 



a t — a xx — 2aa x = 0, 



being a solution of the Burgers equation. Choose, for instance 



R X 

B = it, 

2t 

A x 2 - 2t 
At 2 



V -constant sections are the solutions of the (compatible) system 

x 2 -2t 



u t 



u x = --u 



-u 



i.e., 



1 x 

Vt + *t 



2\ 1 



u = uq exp 

(uq being a new integration constant), which are indeed solutions of the heat equation. 
Example 5 In the same bundle as in the previous examples, consider the KdV equation 

ut = 6uu x - u xxx , (24) 
and the corresponding diffiety <£kdv- The 2nd-order system of PDEs 

u t = 



O : 



^XX 3?/ 

u xt = 
utt = 



is a 4- dimensional one and determines a A- dimensional HJ subdiffiety & of ' & C c?Kdv- 
We now search for an elementary HJ subdiffiety of & C ^kav containing 6 ' . 
The Galilean boost 

Y = -6tS- + S- (25) 



dx du 

is a Lie symmetry of [Efy and its second prolongation 





d_ 

du t 



y( 2 ) = Y + 6u x — + 6u xx — + 12u xt 

ou xt 



d 
du tt 
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is transverse to O. Denote its flow by {A T }. Then O = [J T A T (0) is a 5- dimensional 
2nd-order system of PDEs determining a ^-dimensional subdiffiety G C ^kdv- More- 
over, in view of Remark [?|, G = for some flat holonomic connection V in tt\ . In 
particular, V is a solution of the 1st generalized HJ equation. Let us determine O. A T 
is given by 

A* T ( X ) = x - 6rt, A*(t)=t, A*(u)=u + r, 
A*(u x ) = u x , A* T {u t ) = u t + Qtu x , 
A* T (u xx ) = u xx , A* T {u xt ) = u xt + Qtu xx , A*(u tt ) = u tt + I2ru xt + 36t 2 u xx . 

Therefore, O is parametrically given by 

x = y — Qts 
t = s 

U = V + T 

u x =p 
u t = 6rp 

^xx — 

u x t = 18rt> 2 
[ utt = 108rV 

Eliminating the 5 parameters (y, s,v,p,r) we get 

(u t - 6uu x ) 2 



O : ( 



u. 



Ylul 



O : I 



_ u t (u t - 6uu x ) 2 
u xt — rm j 



u 2 (u t - 6uu x f 
Hut 



and V is given by 

d d d 
V = {du — u x dx — u t dt) <g> — — h {du x — Adx — Cdt) ® — h {du t — Cdx — Bdt) Cg> — — 

OU t>U x C/Ut 



with 



A 



(u t - 6uu x ) 



B 



u\{u t - Quu x ) 2 _ q _ u t (u t - 6uu x ) 2 



Ylui 



Ylul 



A direct computation shows that V is indeed flat and it is a solution of the 1st generalized 
HJ equation 



A x + u x A u + AA Ux + CA Ut +u t - 6uu 



0. 
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Clearly, solutions ofO, or, which is the same, V '-constant sections, are boosted solutions 
of O . Namely, solutions of O are 

u = 2 1 / 3 p(2~ 1 / 3 (x-c );0,c 1 ), (26) 

p(z;uJi,u 2 ) being the Weierstrass elliptic function of z, with periods ujx,uj 2 , and c , Ci 
integration constants. Solutions of O are then found by transporting along the flow 
ofY . They are 

u = 2 1/3 p(2~ 1/3 (x - ct - c ); 0, a) + c/6, 
where c is a new integration constant, and they are (local) solutions of the KdV equation. 



5 The Lagrangian-Hamiltonian Formalism in Field 
Theory 

In this section we review the Lagrangian-Hamiltonian formalism for higher derivative 
field theories. Details can be found in [5j (see also [7]). 

Definition 3 A Lagrangian field theory of order < k + 1, < k < oo, is a pair (tt,^), 
where tt : E — > M is a fiber bundle and Jzf G A™( J k+1 , ttu+i) C A n , n = dimM, is a 
Lagrangian density. 

As already recalled, the horizontal cohomology class \S£\ G H n (A,d) identifies with 
the action functional which is extremized by solutions of the Euler-Lagrange 

(EL) field equations 

E{&) = 0. 

The EL equations are 2(k + l)th-order PDEs. Denote by Sel C J°° the corresponding 
diffiety 

The Lagrangian field theory (tt, JSf ) determines a canonical PD Hamiltonian system 
coy G A n+1 ( J%oo) in JVjx, — > M (the reduced multimomentum bundle of iToo). If J£? 
is locally given by Jzf = Ld n x, L G C°°(J k+1 ), then u^> is locally given by 

uj^ = dp 1 ^ A du^ A d^Xi - dE^ A d n x, E% = - L, 

the Pa l, s being momentum coordinates associated with the uf. The corresponding PD 
Hamilton equations 

* 1,n 0>WU = 0, (27) 
for sections a of J^tt^ — )■ M, locally read 



J, 

du a T 
u< ln = u n 
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where ( • ),j denotes differentiation of ( • ) with respect to and b~ I K = \ 

when the multi-indices /, K coincide, and 8 K = otherwise. We will refer to equa- 
tions ( 127|) as the Euler-Lagrange-Hamilton (ELH) equations on J'7r ao . They can be 
interpreted as Euler-Lagrange equations corresponding to an Hamilton-Pontryagin-like 
variational principle [13] and their solutions are characterized by the following 

Theorem 7 A section a of J'7Too — > M is a solution of Eq. iff, locally, a = 

$ ° 3oo s ! where s is a solution of the EL equations and $ is a Legendre form. 

In particular, Equations fl27|) covers the EL equations, i.e., if a is a solution of (1281) . 
then the composition 

M J+TToo — ► J°° 

is of the form j^s for a solution s of the EL equations, and all solutions of the EL 
equations can be obtained like this. 

Lemma 8 Let T be a section of J^n^ — > J 00 , i.e., T e ffA 1 <g> A n_1 ; then 

T*uj x = d(3? + T). 

Proof. The lemma can be proved in a coordinate free manner, using the intrinsic 
definition of uy. We here propose a local proof. Let T be locally given by T*(p^ 1 ) = 
e ^(J 00 ), i.e., 

T = T^ A d v uJ <g> d n ~ x Xi. 
Notice that = dg^, with q% g A n (J^7r 00 ) locally given by 

qx = ■ptfduj A d n ' x Xi - Ed n x. 

Then 

T*uj<£ = dT*Qjz 

= d[Ti A du^ A d n - l Xi - (u%T^ - L)d n x] 
= d{T 1 a l d v u a 1 A d n ~ l Xi + Ld n x) 
= d(T + Sf). 

■ 

The Lagrangian field theory (jr, «5f) determines two more canonical PD Hamiltonian 
systems. First of all, the PD Hamiltonian system is the pull-back of a unique PD 
Hamiltonian system uj in 7r£ +1 k (J^k) — > ^ is locally given by 

u = dP* 1 A du a I d n ~ l x l — dE A <Tx, £ = ^ ujp 1 * - L. 

\I\<k \I\<k 
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The associated PD Hamilton equations 



\K\ = k + 1 


I 


\I\ < k 


II 


\J\ < k 


III 



z 1 ' n 0»wU = 0, (28) 
for sections a of 7r^ +1 fc (J%fe) — > M locally read 

P^^-^P? '"^ TT • ( 29 ) 

U J)i = M Ji 

We will refer to them as the ELH equations on 7r^ +1 k (J^7Tk)- They cover the EL 
equations as well, i.e., if a is a solution of f )28|) . then the composition 

M K° k+ i, k (JW) — ► J* 

is of the form j^s for a solution s of the EL equations, and all solutions of the EL 
equations can be obtained like this. (|2"§|) shows that solutions of 02 8|) take values in the 
first constraint subbundle 8? — > M, 8? C ^l+i^i^^k)! which is locally defined by 

° L -*M' = 0, \K\ = k + l. 



du a K 



Let 3^0 C J^7Tfc be the image of @* under the projection 7r£ +1 fc ( ■Prtk) — > J^k- 
Under the (not too restrictive) hypothesis that the projection & — > is a smooth 
submersion with connected fibers, i*^,u is the pull-back of a unique PD Hamiltonian 
system co in the bundle ^ — ► M. We will refer to the associated PD Hamilton 
equations 

^"(jkxoHL = (30) 

for sections a of &o — > M as the Hamilton-de Donder-Weyl (HDW) equations. 
When (ir, Jzf) is a (hyper) regular theory, i.e., = J^tt/,, they locally coincides with 
the de Donder (higher derivative, Hamilton-like) field equations [TB] 

n 

Pa n duj 

a ' 
Uln dp 1 - 



a 



where the local function H 6 C°°( J^vrfc) is uniquely defined by the condition that its 
pull-back via the projection & — > J^rr k is i*^{E) e C°°{^). 
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is a solution of f )30|) . However, Eq. f )30|) generically possesses more solutions than are 
the ones obtained like this, unless (n, J?f ) is a (hyper)regular theory. In this case, the 
ELH equations cover the HDW equations. 

In [7j, we presented an higher derivative, field theoretic version of the geometric 
HJ formalism [21 H] in the case of an hyperregular Lagrangian field theory. In the next 
section we generalize the constructions and results of [7] to possibly singular Lagrangian 
field theories. The concept of HJ diffiety will play a special role. 

6 Hamilton-Jacobi Subdiffieties of Euler— Lagrange 
Equations 

In [31 HI Carinena, Gracia, Marmo, Martinez, Munoz-Lecanda, and Roman- Roy 
presented a geometric formulation of the classical HJ theory of mechanical systems 
in both Lagrangian and Hamiltonian settings. They also presented a generalized HJ 
problem depending on the sole equations of motion, and not on the Lagrangian, nor the 
Hamiltonian. Their formulation "is based on the idea of obtaining solutions of a second 
order differential equations by lifting solutions of an adequate first order differential 
equation [3]" . This idea can be generalized to the higher derivative, regular, Lagrangian 
field theoretic setting [7J. We here propose a further generalization to the (possibly) 
singular case. 

Let (tt, =2f) be a /cth-order Lagrangian field theory, and u G A n+1 (nl +1 fc ( J^iik)) the 
associated PD Hamiltonian system in 7T^ +1 fc (J %&) — > M. A section of the pull-back 
bundle 7r£ +1 k (.pTt k ) — > J k can be understood as a pair (V, T), where V is an holonomic 
connection in u kl and T is a section of J^ir k — > J h , i-e., T e VA 1 (J fc , 7tk) ®AJJl}( J k , 7Tfe). 
We will always adopt this point of view. Obviously, the diagram 



7T 




V 



commutes. 



Lemma 9 Let (V, T) be a section of tt] 
connection. Then, one has 



J h , with V a flat (holonomic) 



(V,T)*w = d(y*^ + e 



1,71-1 



(V)T). 
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Proof. We can take the pull-back tt^^T) G ffA 1 <g> A n ~ x . In the following, abusing 
the notation, we will indicate this pull-back by T again. Denote by p : .Pitoo — > 
^l+i ki^^k) the canonical projection. Then 1) (V, T) = p o T o V^] (where, in the lhs 
we interpreted T as a section of J^vToo), and 2) p*o; —oj^. Therefore, 

(V,T)*u = V* [oo] T*p*u 
= Vf^T*** 
= VfoojdCJSf + T) 
= dVf Do] (J2f + T) 
= d(V*JSf + e 1 ' n_1 (V)T), 

where we used Lemma [8] and, in the last line, the (obvious) fact that VL^i is a morphism 
of the variational bicomplex and the bicomplex defined by V. ■ 

Definition 4 The generalized HJ problem for the Lagrangian theory (jr, j£f) consists 
in finding an holonomic flat connection V in Hk and a section T of — > J k such 
that for every V '-constant section a, (V, T) o a is a solution of the ELH equations. 

The relevance of the generalized HJ problem resides in the following 

Theorem 10 Let (V, T) be a section of Tx1 +1 ^ k {.pTik) — > J k , with V aflat (holonomic) 
connection. The following conditions are equivalent: 

1. (V,T) is a solution of the generalized H J problem; 

2. im(V,T) C and, for every V '-constant section j, T o j is a solution of the 
HDW equations; 

3. im(V,T) C & (hence imT C & Q ) and ^(V)! 7 *^ = 0; 
I im(V,T) C & and ^(V^V ,T)*u = 0. 

Moreover, each of the above conditions implies: 

5. 'S^ is an (elementary) HJ subdiffiety of $el- 

Proof. 1. ==>■ 2. Let j be a V-constant section. Then (V, T) o j is a solution of the 
ELH equations and, therefore, takes values in . Since V-constant sections "foliate" 
J k we conclude that (V,T) itself takes values in & . Finally, the projection & — > £P 
maps solutions of the ELH equations to solutions of the HDW equations. 
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2. ==>■ 3. Let j be a V-constant section (and hence T o j is a solution of the HDW 
equations) and X a ^-vertical vector field on J k along j. Compute 

ixi^Uij^uolj = i(dT)(x)i 1,n (ji{T o j))u \ T oj = 0. 

Since X is arbitrary, i 1,n (jij)T*coo\j = 0. Moreover, V-constant sections "foliate" J k 
and, therefore, V- n {V)T*u Q = 0. 

3. =>- 4. Suppose that im(V,T) C Then 

(V,r)*w = (y,T)*i*#u = T*oo . 

4. 1. Suppose that im(V,T) C s , with i 1 « n (V)(V,T)*w = 0, and let j be a 
V-constant section. We prove that (V, T)oj is a solution of the ELH equations. Indeed, 
in view of Lemma [HI 

= i 1 >"(V)(V,T)*o; 
= z 1,n (V)d(V*JS? + e 1 '"- 1 ^)^ 
= d v V*& + d v T. 

Now, locally, 



d v V*^ + d v T = Y V* - DiTl 1 - <^T J M d v uj ® cf 



;r. 



Thus, 



j| - ATi * - # 4 T«) = 0. (31) 

cr := (V,T) o j satisfies Equations ( I2~$j) J (because it takes values in and (1211 127 
(because j is V-constant). We show that it satisfies Eq. fl29|) 77 also. For |/| < k 



nl.i 



(VojW a 



J*V*(AT ( 
' dl 



9L _ fS , 
dL 



/V* ( — - # 4 T a 



duj 



23 



1. ==>■ 5. Obvious, since the projection — > E maps solutions of the ELH equations 
to solutions of the EL equations. ■ 

In view of the above theorem, given a solution (V,T) of the generalized HJ problem 
we can obtain solutions of the (2/cth-order) EL equations, finding solutions of the much 
simpler (fcth-order) equation & v . 

We now prove that the last implication in the above proof can be inverted as well in 
the following sense. If is an HJ subdifliety of the EL equations then there exists 
T such that (V, T) is a solution of the generalized HJ problem. This result is obtained 
by observing the relation between the generalized HJ problem and Legendre forms. 

Theorem 11 Let (V, T) be a section o/7r£ +1 fe ( J'ltk) — > J k , withV aflat (holonomic) 
connection. The following conditions are equivalent 

1. (V,T) is a solution of the generalized H J problem; 

2. (d v JZ> + dT)\ V[oo] = 0; 

3. is an (elementary) HJ subdiffiety of $el, and there exists a Legendre form i? 
such that (T — $)|v [oo] — 0- 

Proof. 1. ==>■ 2. Recall, preliminarily, that, in view of Lemma|8l T*uy = d(J^ + T) = 
d v J£ + dT + d v T. Now let j be a V-constant section. Then (V, T) o j is a solution of 
the ELH equations on 7r£ +1 k (J^ir k ). Coordinate formulas then show that T o V^j ° j 
is a solution of the ELH equations on JV^, i.e., 

i 1,n (ji(T o V [oo ] o j))ujf |toV [oo] oj = 0. 

Let X be 

a TToo-vertical vector field over J°° along V[oo] ° j- Then 
ijfi 1,n C7i(V[oo] o j))T*uj?\v [ao] oj = i(dr)(x)i 1,n (ji(To V [oo ] o j)) w ^lrov [oo] oj = 0. 
Since X is arbitrary 

= ^"(ji(V M o J ))T^| V[oc]OJ 
= i 1,n 0i(V [oo] o j))(d v J? + dT + d v T)\ V[x]0j 
= \i l > n {V){d v J? + dT + d v T)]\ V[oo]0j 
= (d v J? + dT)\ V[oo]0j . 

Since V-constant sections foliate J k , we get (d v Jf + dT)|v [oo] = 0. 

2. 3. = (d y J^ + ST)|v [oo] = (E(-&) + d{T - tf ))|v M , where tf is a Legendre 
form. Therefore ,E(Jzf)|v [oo] = g^o — T)\y [ao] = ^|voo(^o — ^)|voo; where we used that 
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C J°° is a subdiffiety. Recall that, in view of Remark HJ E(Jf)\y [oo] cannot be 
d\ v [oo] -exact unless it is 0. We conclude that C $el- Moreover, (i9 _ ^)lv [oo] 
is d\ v [oo] -closed, and hence d\y { , -exact, i.e., there exists v 6 ^A 1 ® A n ~ 2 such that 
(tf - r )lv [oo] = ^lv [oo] ^|v [oo] or, which is the same, (T - #)|v [oo] = where we put 
= — ^ Finally, notice that $ itself is a Legendre form. 

3. ==>- 1. Let j be a V-constant section. Then j = j^s for some solution of the EL 
equations and T o j^s = $ o j^s. In view of Theorem To j^s is a solution of the 
ELH equations on J^tToq. We conclude that 

4+i,fe( T ) ° Jfc+i s = Tfc+i,fc( r ) ° v ° ^ s = ( v - T ) ° Jfe s = ( v > T ) ° i 

is a solution of the ELH equations on 7r£ +1 fe (jVfe). ■ 

Corollary 12 Lei V fre an holonomic, flat connection in 7Tfc. There exists T such 
that (V, T) is a solution of the generalized HJ problem iff is an (elementary) HJ 
subdiffiety of £ EL . 

Proof. The if implication is already stated in Theorem [TUl point 5. Conversely, if 
C S'el, then E(Jf)\^ [ao] = 0. Let be a Legendre form depending only on 
(vertical differentials of) derivatives up to the order k. Put T := $|v [oo] - T is a section 
of J%fc — )■ J k . Moreover, 

(d v J? + dT) | Vm = (JS(JSf) - d<? + 3T) | v w = 0. 

Now, use Theorem [TT1 ■ 

The above corollary shows that equation z 1,n (V)(V, T)*{uS) = covers the generalized 
(/rth-order) HJ equation of the EL equations. Since all the Legendre forms of a given 
Lagrangian density are known, it follows that solving the generalized HJ problem is 
basically equivalent to finding all (fcth-order) HJ subdiffieties of the EL equations. 

Corollary 13 Let 5£ and ^f' be Lagrangian densities (of the same order) determining 
the same action functional (i.e., Jzf' = Jzf + dr\ for some rj G A 11 ' 1 ), and V and V the 
corresponding generalized HJ problems. Then (V, T) is a solution ofV iff (V, T — d v i]) 
is a solution of V . 

Proof. Let $ be a Legendre form for ££ . Then •& := $ + d v ri is a Legendre form for Jzf' . 
Since, for T e ^A 1 <g) A™ -1 , T — d = T — d v r] + trivially, the assertion immediately 
follows from Theorem [TTJ point [3j ■ 

The above corollary basically states that the generalized HJ problem is independent 
of the Lagrangian density in the class of those determining the same action functional. 
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Remark 8 Recall the example in the introduction. Among HJ subdiffieties of a system 
of regular, ordinary, 2nd- order EL equations there are distinguished ones: namely, those 
determined (as in the introduction) by solutions of the standard HJ Eq. |3p. It is well- 
known that, in its turn, Eq. can be geometrically interpreted as follows. Consider 
the map 

T:lxl"e(t,i) — > (t,T i (t,x)dx i ) GRx T*R n . 

Then 

T . = dS_ 

with S = S(x,t) a solution of |3]] ; iff imT is an isotropic submanifold with respect to 
the presymplectic structure 

fi := dpi A dx 1 - dH A dt 

onlx T*R n , i.e., 

T*n = 0. (32) 

It is natural to wonder whether these considerations can be generalized to the field 
theoretic setting. A first guess would be to consider the equation 

(V, T)*uj = T*u = 0, im(V, T) C & (33) 

as the natural field theoretic generalization of / f5^) . However, we think that this point of 
view (which is taken in /?/; see also JWp is not completely satisfactory for the following 
reasons. 

Let d be a Legendre form. Consider 

Q -.= i% Et {d v $) e ^A 2 (^ EL ) ® A n -\£ EL ). 

In view of the first variation formula l[T3\) . dQ = 0. The horizontal cohomology class 

u> := [Q] e H n -\^k\£ EL )®k{£ EL ),d) 

does only depend on the action functional and it is naturally interpreted as a 
(pre) symplectic form in the so called covariant phase space, i.e., the space of solutions 
of the EL equations (see, for instance, fH\l for details). This functional symplectic 
structure should be understood as the fundamental symplectic structure in field theory. 
For instance, it is at the basis of the BV formalism fTB/ . 

Now, let (V,T) be a solution of Eq. / fff3j) and $ a Legendre form such that (T — 
$)|v [oo] =0. It is easy to see that d v T = 0. Therefore, 

vfoo^ = vyn] = [d^-fl = [d v T] = o, 
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where the last two are cohomology classes in H n ~ 1 (VA 2 ( J k , iTk) <8> A'(J fc , irk), d v ). We 
conclude that is an isotropic subdiffiety of the "(pre)symplectic diffiety" {Sel-, ^)- 
Unfortunately, this is not a special feature of solutions of $33\). Namely, forn > 1, every 
finite dimensional subdiffiety of u>) is isotropic, modulo topological obstructions. 
Indeed, the horizontal de Rham complex of a finite dimensional diffiety is locally acyclic 
in positive degree (see, for instance, the final comment of Section^). On the other 
hand, for n = 1, solutions of may be effectively carachterized as those solutions of 
the generalized HJ problem defining isotropic subdiffieties of {$el,w)- Because of this 
difference between the n > 1 and the n = 1 cases, we think that Eq. |22P is not as 
fundamental in field theory as Equation KSJfy in mechanics and there possibly exists a 
different, more fundamental, field theoretic version of Eq. Ulty) . This possibility will be 
explored elsewhere. 



7 A Final Example 

The "good" Boussinesq equation 

Utt = (u + u 2 + u xx ) xx . 
is obviously covered by the system of evolutionary equations 



v t = u + u z + u xx 
u t = v xx 



(34) 



which can be understood as a submanifold in J 2 tt with it the trivial bundle 7r : M 4 3 
(t,x,u,v) i — > (t,x) G M 2 . Further, Equations (j34p are the EL equations determined by 
the action J Ldtdx with [20] 



L = IK + + vut - uv t ) + lu 3 + \u 2 e C 00 ^). 
2 3 2 



The Lagrangian density L is singular in the sense that 



det 



/ dL dL \ 

duiduj duidvj 



dL 



dL 



det 



/ \ 

10 



\ 1 / 



0. 



Denote by p x ,p*, q x , q l momentum coordinates in J^tt associated with u, v respectively. 
Then 



to 



-dp x A du A dt + dp 1 A du A dx - dq x A dvA dt + dq l A dvA dx - dH A dt A dx, 
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with 



It follows that 



H=-(ul + vl)--u 3 --u 2 . 
2 y x x> 3 2 



p x — u x = 



: < 



p f H — v = 
F 2 

? x — = ' 

g* -u = 

y 2 



and 




Consequently, fibers of & — > J°tt = M 4 are coordinatized by p x ,p f only and 
u = du A cfoA <ir - dp* A du Adt - dg* A cfo;A rft - rf/J A dt A dx, 

with 
Let 



T = -P x d v u ®dt + P t d v u ®dx- Q x d v v ® dt + Q l d v v ® dx 
be a section of .Pit — > .Pit and 

d d 
V = (du - Adx - Bdt) ® — + (dv - Cdx - Ddt) <g> — 

aw cw 

be a connection in 7r. V is flat iff 

V t A = V x B, and V t C = V x D, 

where V t = d/dt + Bd/du + Dd/dv and V x = d/dx + Ad/du + Cd/dv. Moreover, 
im(V,T) C <^ iff 

p* = A, P* = -V Q x = C, and g* = -u. 
' 2 2 

In this case imTc &o and 

(V,T)» = T> ) 

= du A dvA dx + (A v - C u )du A dvA Dt 

- (A x + AA U + CC U - u 2 - w)cb Adt Adx 

- (C x + AA„ + CC v )dvA A dx. 
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Notice that there is no T such that T*(uo) = 0. Finally 

i l ' n (V)T*(u Q ) = [(D - V X A + u 2 + u)d v u - (B + V x C)d v v] ® dt A cfe, 
so i 1 '"(V)T*(o;o) = iff 

' D - V X A + u 2 + u = 
B + V x C = 



(35) 



which are precisely the 0th generalized HJ equations for (|34|) . Let us search for solutions 
of the form 

A = A(u), C = C(u), B = -cA, D = -cC, c = const. 
Notice that, in these hypotheses, V is identically flat. Equations ( 155]) reduce to 

AA U = cC + u 2 + u 



AC,, 



-cA 



and for A ^ we find 



C = -cu + a, A 2 = ^-u 3 + — (1 — c 2 )u 2 + au + b, 

a, b being integration constants. We conclude that a (local) solution of the generalized 
HJ problem is (V,T) with 



.4 a/^m 3 + ~(1 - c 2 )u 2 + au + b, B = -cA, C = -cu + a, D = -cC 



P X = A pt 



l -v, Q X = C, Q l = \u, 



and the system 



u t = —c\ tt^ 3 + — (1 — c 2 )u 2 + au + b 

u x = xJt^u 3 + ^(1 - c 2 )"" 2 + au + b 

v t = c 2 u — ca 
v x = —cu + a 



(36) 



(locally) correspond to an HJ subdiffiety of f T34"|) . In the case a = b = 0, 0<c 2 <l 
solutions of (1361) are 



it = — — (1 — c 2 )sech 2 



-y/2{l - c 2 ){x -x - ct) 



4 



(37) 



v = vq — 3y 2(1 — c 2 )tanh 



-V2(l - c 2 )(x - x Q - ct) 
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with xq,vq integration constants. They are solutions of the EL equations (1341) . In 
particular (13"?]) are well-known "travelling wave" solutions of the "good" Boussinesq 
equation. 
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